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Abstract
The perturbative approach to the topological quantum field theories of the Chern-
Simons type formulated in R3 is considered. By means of the canonical quantization
of the euclidean Chern-Simons lagrangian in the Landau gauge, a Fock space repre-
sentation of the free field operators is produced. The perturbative equivalence of the
path-integral formalism and the field operator approach is exhibited. The expression
of the one-loop effective action in background gauge is derived.
11 Introduction
The introduction of the topological quantum field theories of the Chern-Simons (CS) type
presented in references [1, 2, 3] is based on the path-integral formalism. The functional
integral approach has also been used to guess the main topological properties of the CS ob-
servables. When the CS theory is formulated in R3, explicit computations of the observables
—which can be identified with the expectation values of the Wilson line operators associated
with oriented links— have been produced by means of standard perturbation theory [4,5,6].
Now, in addition to the functional integral procedure, perturbative quantum field theories
also admit a canonical formulation in which the field variables are represented by operators
acting on the linear space of quantum states [7]. Precisely this field operator formulation
of the perturbative CS theory in R3 is presented in the present article. By means of the
canonical quantization procedure applied to the gauge-fixed euclidean CS lagrangian in R3,
the field operators are decomposed in terms of creation and annihilation operators acting
on a Fock space F . The field operator formulation of the CS theory is presented in order
to complete the conceptual setting concerning this topological quantum fields model; the
perturbative equivalence of the path-integral formalism and the field operator approach is
exhibited. Hopefully, the basic aspects of the operator approach discussed here may find
useful applications in the cases in which the standard perturbative approach cannot be used.
The fields decomposition in terms of creation and annihilation operators is implemented in
the Landau gauge. On the other hand, the use of the background gauge may turn to be useful
for the computation of certain topological observables. So, the expression of the one-loop
CS effective action in background gauge is also derived.
In order to make this article self-contained, a brief outlook on the field operator approach
is presented in Section 2. A Fock space representation of the field operators of the euclidean
CS theory in the Landau gauge is produced in Section 3. Finally, Section 4 contains the
derivation of the expression of the one-loop effective action of the CS theory in background
gauge.
2 Outlook on field operators
In order to describe the task of producing a field operator formulation of a specific model
of quantum field theory, let us firstly consider the general structure of the perturbative
expansion.
2.1 Perturbative expansion
Let us consider the quantum field theories which admit a standard perturbative approach; the
perturbative expansion of the observables is based on very few ingredients. Let the model of
interest be characterized by the action S[φ] = S0[φ]+SI [φ], where φ(x) indicates a set of real
fields (for the sake of simplicity, let us assume that φ(x) represents commuting variables). The
so-called free action S0[φ] is a quadratic functional of the fields, S0[φ] =
1
2
∫
dx φ(x)∇φ(x),
2in which ∇ denotes a differential operator. Whereas SI [φ] corresponds to the integral of the
interaction lagrangian and contains cubic and possibly quartic terms in powers of the fields.
Let φ(x) φ(y) = i∇−1(x, y) be the Feynman causal propagator where ∇−1(x, y) stands for
a Green function of the ∇ operator
∇ · ∇−1(x, y) = δ(x− y) . (1)
The perturbative expansion of the expectation value 〈F [φ]〉 —where the functional F [φ]
admits an expansion in powers of the fields— is given by
〈F [φ]〉 ≡
exp
[
i
2
∫
dxdy δ
δφ(x)∇−1(x, y) δδφ(y)
]
F [φ] eiSI [φ]
∣∣∣∣∣
φ=0
exp
[
i
2
∫
dxdy δ
δφ(x)∇−1(x, y) δδφ(y)
]
eiSI [φ]
∣∣∣∣∣
φ=0
. (2)
Expression (2) indicates a formal sum of Feynman diagrams in which the so-called vacuum-
to-vacuum diagrams are eliminated. The sum of the vacuum-to-vacuum diagrams, that is
represented by the denominator of the ratio (2), factorizes in the numerator and cancels out
with the denominator. So, there is no need to compute the vacuum-to-vacuum diagrams,
which remain divergent even after the renormalization procedure has been introduced. The
regularization/renormalization prescription and the definition of the composite field opera-
tors play no role in the following discussion and will be ignored.
2.2 Field theory formulations
Expression (2) can be justified —or derived— by means of two different formulations of
quantum field theories: the path-integral or the field operator methods. Both approaches
eventually lead to expression (2) but, in the intermediate steps of the construction, within
each method one needs to introduce a suitable set of assumptions.
In the path-integral formulation, equation (2) takes the form
〈F [φ]〉 =
∫
Dφ eiS[φ] F [φ]∫
Dφ eiS[φ]
. (3)
A recent discussion on the use of the functional integration, for perturbative and non-per-
turbative computations of the topological invariants of the CS theory, can be found in [8,9].
In the present article, the path-integral formulation will not be considered.
The field operator approach consists of two parts:
(i) to each field component φ(x) one associates a field operator φ̂(x) acting on a Hilbert
space F that typically has a Fock space structure. φ̂(x) is a free field operator because it
3must satisfy the equation of motion ∇φ̂(x) = 0, which follows from the free action S0[φ].
The equal-time algebra of the field operators is determined by the rules of the canonical
quantization procedure; this simply means that the charges associated with the Noether
currents must be the generators of the corresponding symmetry transformations [10].
(ii) one finds a normalized vector |0〉 ∈ F , that corresponds to the vacuum state, such that
the expectation value of the time-ordered product of two field operators on the vacuum
state coincides with the Feynman propagator,
〈0|T
(
φ̂(x)φ̂(y)
)
|0〉 = i∇−1(x, y) . (4)
When conditions (i) and (ii) are satisfied, equation (2) can be written as
〈F [φ]〉 =
〈0|T
(
F [ φ̂ ] eiSI [ φ̂ ]
)
|0〉
〈0|T
(
eiSI [ φ̂ ]
)
|0〉
. (5)
In the following section it is shown how to provide points (i) and (ii) with an explicit real-
ization in the case of the euclidean topological quantum field theories of the CS type with a
gauge-fixed lagrangian.
3 Field operators in the CS model
Let us consider the CS quantum field theory [3] in which the gauge group is SU(N), or any
other compact simple Lie group G.
3.1 Essentials
When the model is defined in R3, in the Landau gauge the action S can be decomposed as
S = S0 + SI with
S0 =
∫
d3x
[
1
2
εµνρAaµ∂νA
a
ρ + ∂µB
aAaν η
µν√η + ∂µca∂νca ηµν√η
]
, (6)
and
SI = g
∫
d3x
[
−1
6
εµνρ fabcAaµA
b
νA
c
ρ − fabd ∂µcaAbνcd ηµν
√
η
]
. (7)
The real parameter g is the coupling constant of the model; if the field variables are rescaled
so that the coupling constant is placed in front of the whole lagrangian, in standard notation
one has k/4π = 1/g2. The antisymmetric group tensor fabc denotes the structure constants
of the Lie algebra of the gauge group G, and the metric ηµν in R
3 is chosen to be —in a
cartesian coordinates system— the 3×3 identity matrix. The gauge-fixed lagrangian (6) and
(7) defines an euclidean quantum field theory because ηµν is of euclidean type. This choice for
4ηµν guarantees that the topology which is induced by the metric coincides with the standard
topology of knot theory and with the standard 3-manifold topology. The functional S0+SI is
invariant under BRST transformations of the fields. The action of the BRST transformations
—on the vector gauge fields Aaµ(x), on the auxiliary field B
a(x), on the ghost and antighost
fields ca(x) and ca(x)— is given by
δGA
a
µ(x) = ∂µc
a(x)− gfabdAbµ(x)cd(x) , δG ca(x) = 12gfabdcb(x)cd(x)
δG c
a(x) = −Ba(x) , δGBa(x) = 0 .
(8)
The conserved Noether current Jµ(x), which is associated with the BRST transformations
(8), assumes the form
Jµ = ǫµνρAaν (Dρc)
a
+Ba (Dµc)
a
+ 1
2
gfabd∂µcacbcd , (9)
in which (Dµc)
a
= ∂µc
a − gfabdAbµcd. The energy-momentum tensor is
Θµν = ∂µB
aAaν + ∂νB
aAaµ − δµν∂ρBaAaρ
+ ∂µc
a (Dνc)
a
+ ∂νc
a (Dµc)
a − δµν∂ρca (Dρc)a .
(10)
Only the gauge-fixing lagrangian terms depend on the metric ηµν , therefore Θµν is equal to
a BRST variation, i.e.
Θµν = δG
[−∂µca(x)Aaν − ∂νca(x)Aaµ + δµν∂ρca(x)Aaρ] . (11)
Because of relation (11), the CS model is called a topological quantum field theory; in facts
property (11) implies that:
• the two-point correlator 〈Θµν(x)Θρσ(y)〉 vanishes and, more generally, the product of
an arbitrary number of components of the energy momentum tensor has a vanishing
expectation value, 〈Θµν(x1)Θρσ(x2) · · ·Θλτ (xn)〉 = 0. This means that, differently from
ordinary field theories and differently from conformal models, the dynamical content of
the CS theory is totally trivial;
• the expectation values of metric-independent and BRST-invariant observables are topo-
logical invariants.
The components of the Feynman propagator are given by [4]
Aaµ(x)A
b
ν(y) = −iδab εµνρ
∂
∂xρ
∆(x− y) , Aaµ(x)B c(y) = iδac
∂
∂xµ
∆(x− y)
Ba(x)B c(y) = 0 , ca(x) c b(y) = iδab∆(x− y) .
(12)
in which
∆(x) =
∫
d3p
(2π)3
eipµx
µ
pµpµ
=
1
4π|x| . (13)
5By using the propagator components (12) and the interaction lagrangian (7), one can show
that (to all orders of perturbation theory) the CS model is renormalizable [11]. The explicit
computation of the expectation values of the Wilson line operators has been produced at
the third nontrivial order of perturbation theory [5,6]; the results are in complete agreement
with the general properties [12] of the expectation values that follow from the symmetries
of the model. Expressions (12) and (13) can also be understood as the basic ingredients for
the construction of integral formulas for link invariants [13].
3.2 Commuting variables
In order to follow the recipe of the canonical quantization procedure, one has to choose a time
direction. Let each element of R3 be identified by means of the real cartesian coordinates
xµ = (x1, x2, x3), the third component x3 will be interpreted as the “time” component,
x3 = t. The components xi = (x1, x2) = xi = (x1, x2) will be used to label the points of
each spatial plane at fixed time. Since
δS0
δ(∂tA
a
1(x))
= Aa2(x) ,
δS0
δ(∂tBa(x))
= Aa3(x) , (14)
the field operators Âaµ(x) and B̂
a(x), which are associated with the commuting variables,
must satisfy the canonical commutation relations
[Âa1(x, t), Â
b
2(y, t)] = iδ
ab δ(x− y) = [B̂a(x, t), Âb3(y, t)] ; (15)
all the remaining equal-time commutators vanish. Given a couple q̂ and p̂ of canonically
conjugated variables, [ q̂ , p̂ ] = i, one can define the annihilation and creation operators
a = (q̂+i p̂ )/
√
2 and a† = (q̂−i p̂ )/√2 that can be used to define a Fock space representation
of the operators q̂ and p̂. Similarly, the commutation relations (15) imply that a Fock space
representation of the field operators can be produced.
Let us assume that, on each spatial plane, the field modes with definite values of the
spatial momentum are well defined,
Âa1(x) =
∫
d2k
2π
1√
2
{
cos θk
[
ua−(k, t)e
ikx + ua+(k, t)e
−ikx]
− sin θk
[−iua−(k, t)eikx + iua+(k, t)e−ikx]} , (16)
Âa2(x) =
∫
d2k
2π
1√
2
{
cos θk
[−iua−(k, t)eikx + iua+(k, t)e−ikx]
+ sin θk
[
ua−(k, t)e
ikx + ua+(k, t)e
−ikx]} , (17)
Âa3(x) =
∫
d2k
2π
1√
2
{
− iva−(k, t)eikx + iva+(k, t)e−ikx
}
, (18)
6B̂a(x) =
∫
d2k
2π
1√
2
{
va−(k, t)e
ikx + va+(k, t)e
−ikx
}
, (19)
where eikx = exp[i(k1x1 + k2x2)] and
cos θk = k1/k , sin θk = k2/k , k =
√
k21 + k
2
2 . (20)
The cos θk and sin θk factors in expressions (16) and (17) have been introduced in order
to make the polarization choice for Âa1(x) and Â
a
2(x) agree with the directions —on the
spatial plane— that are naturally defined by the values of the spatial momentum; this just
simplifies the structure of the equations of motion. The validity of the following equal-time
commutators [
ua−(k, t), u
b
+(p, t)
]
= δab δ(k − p) = [va−(k, t), vb+(p, t)] ,[
ua−(k, t), v
b
−(p, t)
]
=
[
ua−(k, t), v
b
+(p, t)
]
= 0 ,[
ua+(k, t), v
b
−(p, t)
]
=
[
ua+(k, t), v
b
+(p, t)
]
= 0 ,
(21)
guarantees that the canonical commutation relations (15) are satisfied.
The time evolution of the operators is determined by the equations of motion that must
be derived from the free action (6),
εµνρ∂νÂ
a
ρ(x) + ∂
µB̂a(x) = 0 , ∂µÂaµ(x) = 0 . (22)
Equations (22) imply ∂µ∂
µÂaν(x) = 0 and ∂µ∂
µB̂a(x) = 0. By inserting the expressions
(16)-(19) in equations (22), one finds
d
dt
ua−(k, t) = −k va+(−k, t) ,
d
dt
va−(k, t) = −k ua+(−k, t)
d
dt
ua+(k, t) = −k va−(−k, t) ,
d
dt
va+(k, t) = −k ua−(−k, t) .
(23)
The solution of the differential equations (23) is
ua−(k, t) = u
a
−(k) Ch(kt)− va+(−k) Sh(kt) ,
va−(k, t) = v
a
−(k) Ch(kt)− ua+(−k) Sh(kt) ,
ua+(k, t) = u
a
+(k) Ch(kt)− va−(−k) Sh(kt) ,
va+(k, t) = v
a
+(k) Ch(kt)− ua−(−k) Sh(kt) ,
(24)
where ua±(k) and v
a
±(k) denote the mode operators at time t = 0 satisfying[
ua−(k), u
b
+(p)
]
= δabδ(k − p) = [va−(k), vb+(p)] ,[
ua−(k), v
b
−(p)
]
=
[
ua−(k), v
b
+(p)
]
= 0 ,[
ua+(k), v
b
−(p)
]
=
[
ua+(k), v
b
+(p)
]
= 0 .
(25)
7Expressions (24) and (25) provide equations (21) with an explicit solution.
3.3 Anticommuting variables
Let us now consider the operators ĉa(x) and ĉa(x) which are associated with the anticom-
muting variables. The fields ca(x) and ca(x) correspond to independent variables and since
δS0
δ(∂tca(x))
= ∂t c
a(x) ,
δS0
δ(∂tc
a(x))
= −∂t ca(x) , (26)
the canonical (anti-) commutation relations take the form{
ĉb(x, t), ∂t ĉ
a(y, t)
}
= iδab δ(x− y) , (27)
and {
ĉa(y, t), ∂t ĉb(x, t)
}
= −iδab δ(x− y) . (28)
The free equations of motion —derived from expression (6)— are
∂µ∂µĉa(x) = 0 = ∂
µ∂µĉ
a(x) . (29)
Similarly to the case of the commuting variables, the ghost and antighost field operators can
be decomposed in modes with definite values of the spatial momentum. A simple represen-
tation is given by
ĉa(x) =
∫
d2k
2π
1√
k
wa(k, t) eikx , (30)
ĉa(x) =
∫
d2k
2π
1√
k
(−i) za(k, t) eikx . (31)
Equations (27) and (28) require{
wa(k, t), ∂t z
b(p, t)
}
= −k δab δ(k + p) , {za(k, t), ∂twb(p, t)} = k δab δ(k + p) . (32)
A complete solution of equations (29) and (32) is given by
wa(k, t) = wa−(k) Ch(kt) + z
a
+(−k) Sh(kt)
za(k, t) = za−(k) Ch(kt)− wa+(−k) Sh(kt) ,
(33)
with {
wa−(k), w
b
+(p)
}
= δab δ(k − p) = {za−(k), zb+(p)} ,{
wa−(k), z
b
−(p)
}
=
{
wa−(k), z
b
+(p)
}
= 0 ,{
wa+(k), z
b
−(p)
}
=
{
wa+(k), z
b
+(p)
}
= 0 .
(34)
83.4 Fock space representation of the field operators
The time evolution of the mode operators, which is explicitly displayed in equations (24) and
(33), does not assume a diagonal form. If the operators {ua±(k), va±(k)} and {wa±(k), za±(k)}
are interpreted as standard annihilation and creation operators that act on a Fock space, the
corresponding “vacuum” state |ω〉, which is defined by the equations
ua−(k)|ω〉 = 0 , va−(k)|ω〉 = 0 ,
wa−(k)|ω〉 = 0 , za−(k)|ω〉 = 0 ,
(35)
is not a stationary state; this implies that the mean values of the field operators computed
with respect to |ω〉 are not invariant under time translations. In fact, it turns out that the
expectation values of the time-ordered product of the field operators (16)-(19) and (30)-(31)
on the state |ω〉 differ from the expressions (12) of the Feynman propagators.
In order to determine the annihilation and creation operators that canonically define the
Fock states space, let us consider the following combinations of the modes that diagonalize
the free time evolution,
ha−(k) =
1√
2
[
ua−(k) + v
a
+(−k)
]
, ga−(k) =
1√
2
[
va−(k) + u
a
+(−k)
]
ha+(k) =
1√
2
[
ua+(k)− va−(−k)
]
, ga+(k) =
1√
2
[
va+(k)− ua−(−k)
]
λa−(k) =
1√
2
[
wa−(k)− za+(−k)
]
, ξa−(k) =
1√
2
[
za−(k) + w
a
+(−k)
]
λa+(k) =
1√
2
[
wa+(k)− za−(−k)
]
, ξa+(k) =
1√
2
[
za+(k) + w
a
−(−k)
]
.
(36)
It is convenient to define the operators
αa−(k) =
1√
2
[
ha−(k) + g
a
−(k)
]
, βa−(k) =
1√
2
[
ha−(k)− ga−(k)
]
αa+(k) =
1√
2
[
ha+(k) + g
a
+(k)
]
, βa+(k) =
1√
2
[
ha+(k)− ga+(k)
]
.
(37)
The following commutation or anticommutation relations are satisfied[
αa−(k), α
b
+(p)
]
= δabδ(k − p) = [βa−(k), βb+(p)] ,[
αa−(k), β
b
−(p)
]
=
[
αa−(k), β
b
+(p)
]
= 0 ,[
αa+(k), β
b
−(p)
]
=
[
αa+(k), β
b
+(p)
]
= 0 ;
(38)
{
λa−(k), λ
b
+(p)
}
= δab δ(k − p) = {ξa−(k), ξb+(p)} ,{
λa−(k), ξ
b
−(p)
}
=
{
λa−(k), ξ
b
+(p)
}
= 0 ,{
λa+(k), ξ
b
−(p)
}
=
{
λa+(k), ξ
b
+(p)
}
= 0 .
(39)
The commutators (38) and (39) have a canonical structure; so, let us consider a standard
representation of the creation and annihilation operators αa±, β
a
± and λ
a
±, ξ
a
± with[
αa−(k)
]†
= αa+(k) ,
[
βa−(k)
]†
= βa+(k) , (40)
9[
λa−(k)
]†
= λa+(k) ,
[
ξa−(k)
]†
= ξa+(k) . (41)
Relations (36) and (37) can be used to express the operators ua±, v
a
± and w
a
±, z
a
± in terms of
αa±, β
a
± and λ
a
±, ξ
a
±; then, the field operators (16)-(19) take the form
Âa1(x) =
∫
d2k
2π
1√
2
{[
i sin θk α
a
−(k) + cos θk β
a
−(k)
]
eikx−kt
+
[
cos θk α
a
+(k)− i sin θk βa+(k)
]
e−ikx+kt
}
,
(42)
Âa2(x) =
∫
d2k
2π
1√
2
{[−i cos θk αa−(k) + sin θk βa−(k)] eikx−kt
+
[
sin θk α
a
+(k) + i cos θk β
a
+(k)
]
e−ikx+kt
}
,
(43)
Âa3(x) =
∫
d2k
2π
1√
2
{
iβa−(k)e
ikx−kt + iαa+(k)e
−ikx+kt
}
, (44)
B̂a(x) =
∫
d2k
2π
1√
2
{
αa−(k)e
ikx−kt − βa+(k)e−ikx+kt
}
. (45)
Similarly, the ghost operators (30) and (31) become
ĉa(x) =
∫
d2k
2π
1√
2k
{
λa−(k)e
ikx−kt + ξa+(k)e
−ikx+kt
}
, (46)
ĉa(x) =
∫
d2k
2π
1√
2k
{
− iξa−(k)eikx−kt + iλa+(k)e−ikx+kt
}
. (47)
Let F be the Fock space which is canonically associated with the annihilation and creation
operators αa±, β
a
± and λ
a
±, ξ
a
±. The operators α
a
±, β
a
± commute with the operators λ
a
±, ξ
a
±. The
vector |0〉 ∈ F with unitary norm, that represents the “vacuum” state, satisfies the relations
αa−(k)|0〉 = 0 , βa−(k)|0〉 = 0 ,
λa−(k)|0〉 = 0 , ξa−(k)|0〉 = 0 ,
(48)
for any k and a. Expressions (42)-(47) —together with equations (38) and (39)— give an
explicit Fock space representation of the field operators; these operators satisfy the free
equations of motion and fulfill the canonical commutation relations.
Proposition 1. In the CS model formulated in R3, the perturbative expansion of the expec-
tation value 〈F 〉, where the functional F = F [Aaµ, Ba, ca, ca] admits an expansion in powers
of the fields, is given by
〈F 〉 =
〈0|T
(
F [Âaµ, B̂
a, ĉa, ĉa] eiSI [Â
a
µ,B̂
a,ĉa,ĉa]
)
|0〉
〈0|T
(
eiSI [Â
a
µ,B̂
a,ĉa,ĉa]
)
|0〉
, (49)
10
where the time-ordered product acts on the field operators Âaµ, B̂
a, ĉa, ĉa that are shown in
equations (42)-(47).
Proof. Let us firstly compute the the two-point functions; one finds
〈0|T
(
ĉa(x) ĉb(y)
)
|0〉= iδab
∫
d2k
(2π)2
eik(x−y)
1
2k
[
θ(x3 − y3)e−k(x3−y3)
+ θ(y3 − x3)e−k(y3−x3)
]
.
(50)
By means of the identity∫
dk3
2π
eik
3(x3−y3)
(k3)2 + k2
=
1
2k
[
θ(x3 − y3)e−k(x3−y3) + θ(y3 − x3)e−k(y3−x3)
]
, (51)
expression (50) can be rewritten as
〈0|T
(
ĉa(x) ĉb(y)
)
|0〉 = iδab
∫
d3k
(2π)3
eikµ(x
µ−yµ)
kµkµ
. (52)
Similarly, one gets
〈0|T
(
Âa1(x)Â
b
2(y)
)
|0〉= iδab
∫
d2k
(2π)2
eik(x−y)
1
2
[
θ(x3 − y3)e−k(x3−y3)
− θ(y3 − x3)e−k(y3−x3)
]
=−iδab ∂
∂x3
∫
d2k
(2π)2
eik(x−y)
1
2k
[
θ(x3 − y3)e−k(x3−y3)
+ θ(y3 − x3)e−k(y3−x3)
]
=−iδab ∂
∂x3
∫
d3k
(2π)3
eikµ(x
µ−yµ)
kµkµ
.
(53)
More generally, it turns out that the expectation values (49) of the time-ordered products of
the couples of field operators coincide with the components (12) of the Feynman propagator,
〈0|T
(
Âaµ(x)Â
b
ν(y)
)
|0〉 = Aaµ(x)A bν(y), 〈0|T
(
Âaµ(x)B̂
c(y)
)
|0〉 = Aaµ(x)B c(y)
〈0|T
(
B̂a(x)B̂c(y)
)
|0〉 = Ba(x)B c(y), 〈0|T
(
ĉa(x) ĉb(y)
)
|0〉 = ca(x) c b(y) .
(54)
Consequently, since
(a) the field operators linearly depend on the annihilation and creation operators, and
(b) the commutators (or anti-commutators) of the annihilation and creation operators are
numbers (that commute with all the operators),
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the expectation value (49) of any functional of the fields reproduces precisely the perturbative
expansion, which is based on the Wick contractions, of the CS theory.
Let us now check the basic symmetry properties of the expectation values (49). The
hamiltonian H can be decomposed as H = H0 + gH1 where H0 is the free hamiltonian. By
using equation (10) and the expressions of the field operators, one gets
H0 =
∫
d2k (−ik) [αa+(k)αa−(k) + βa+(k)βa−(k) + ξa+(k)ξa−(k) + λa+(k)λa−(k)] , (55)
and then
H0 |0〉 = 0 . (56)
This implies invariance of the expectation values (49) under time translations, in agreement
with the statement of Proposition 1. The annihilation and creation operators αa±(k), β
a
±(k),
λa±(k) and ξ
a
±(k) diagonalize the time evolution which is generated by the free hamiltonian
H0. This means, for example, that α±(k, t) = e±kt α±(k). A basis for F can be obtained by
applying products of a finite number of creation operators αa+(k), β
a
+(p), λ
a
+(k) and ξ
a
+(p)
to |0〉. Finally, let us consider the BRST charge Q which can be written as Q = Q0 + gQ1
where Q0 is the free component of the charge; from equation (9) one obtains
Q0 =
∫
d2k
√
k
[
ξa+(k)α
a
−(k) + β
a
+(k)λ
a
−(k)
]
. (57)
Therefore
Q0 |0〉 = 0 , (58)
and the expectation values (49) are perturbatively invariant under BRST transformations,
as it should be.
The CS action terms (6) and (7) define an euclidean quantum field theory; consistently,
relations (40) and (41) show that the field operators (42)-(45) —that represent classical real
variables— are not hermitian. In facts, in agreement with the general properties of the field
operators in the euclidean region [14], one has[
Âaµ(x , t)
]†
= e−itH0
[
Âaµ(x , 0)
]†
eitH0 6= Âaµ(x , t) ,[
B̂a(x , t)
]†
= e−itH0
[
B̂a(x , 0)
]†
eitH0 6= B̂a(x , t) .
(59)
It is interesting to note that the quantum field operators (42)-(45) are symmetric under the
following conjugation map
αa−(k) 7→ αa−(−k) , βa−(k) 7→ −βa−(−k)
αa+(k) 7→ −αa+(−k) , βa+(k) 7→ βa+(−k) ,
(60)
which ensures the reality of the eigenvalues of the field operators. The use of non-hermitian
operators in connection with real classical variables in quantum mechanics has been recently
discussed in references [15,16].
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4 One-loop effective action in background gauge
The main properties of the one-loop effective action —computed in the covariant Landau
gauge shown in equations (6) and (7)— have been discussed in reference [4]. Let us now
consider the background gauge [17,18,19] which could be used to compute CS observables in
the presence of a nontrivial background field. Let us decompose the gauge fields as
Aaµ(x) = Aaµ(x) +Qaµ(x) , (61)
where Aaµ(x) stands for a generic classical background configuration, whereas Qaµ(x) denotes
the quantum field components. The gauge-fixing part Sφpi of the action is now
Sφpi =
∫
d3x
[
(Dab µ(A)Bb)Qaµ + (Dab µ(A)cb)(Dadµ (A+Q)cd)
]
, (62)
where the covariant derivative —with respect to the background field— is defined by
Dabµ (A) = δab∂µ − gfacbAcµ = δab∂µ − gAabµ . (63)
Let Γ[A] denote the one-loop effective action in background gauge: iΓ[A] is the sum of the
one-particle-irreducible vacuum-to-vacuum Feynman diagrams which are associated with the
propagation of the (commuting and anticommuting) quantum fields in the presence of the
classical background Aaµ.
The quadratic part Scc of the action for the anticommuting variables reads
Scc =
∫
d3x (Dab µ(A)cb)(Dadµ (A)cd) , (64)
and then the contribution Γg of the ghost fields to the effective action is given by
Γg = −iTr ′ ln
[
−Dabµ (A)Dbcµ(A)
−∂µ∂µ
]
, (65)
where Tr ′ denotes the trace operation in the orbital (xµ or pµ) variables and the trace in
the space of the adjoint representation of the gauge group. The quadratic part SQB of the
action for the quantum variables of commuting type is
SQB =
∫
d3x
[
1
2
εµνρQaµD
ab
ν (A)Qbρ +QaµDab µ(A)Bb
]
. (66)
In terms of the complex variables
ψa =
[
ψa1
ψa2
]
= 1√
2
[
Qa1 + iQ
a
2
Ba − iQa3
]
, (67)
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ψ
a
=
[
ψ
a
1 , ψ
a
2
]
= 1√
2
[Qa1 − iQa2 , Ba + iQa3 ] , (68)
expression (66) can be written as
SQB =
∫
d3x ψ
a [−i γµDabµ (A)]ψb , (69)
with
γ1 =
(
0 i
−i 0
)
, γ2 =
(
0 −1
−1 0
)
, γ3 =
(−1 0
0 1
)
. (70)
A direct computation shows that
[−i γµDµ(A)]2=−Dµ(A)Dµ(A) I+ igεµνργµF˜ νρ
=[−Dµ(A)Dµ(A)]
[
I − ig∆(A) εµνργµF˜ νρ
] (71)
where the curvature components are
F˜ abµν = ∂µAabν − ∂νAabµ − gAacµ Acbν + gAacν Acbµ , (72)
and ∆ab(A) is the Green function associated with the differential operator Dacµ (A)Dcb µ(A),
Dacµ (A)Dcdµ(A) ∆db(A)(x, y) = δab δ3(x− y) . (73)
Therefore, the contribution Γb of the commuting variables to the effective action is
Γb= iTr ln
[
−i γµDabµ (A)
−i γµ ∂µ
]
= i
2
Tr ln
[
−i γµDabµ (A)
−i γµ ∂µ
]2
= iTr ′ ln
[
−Dabµ (A)Dbcµ(A)
−∂µ∂µ
]
+ i
2
Tr ln
[
I− ig∆(A) εµνργµF˜ νρ
]
,
(74)
where the trace operation denoted by Tr now includes (in addition to the sum over the orbital
and gauge group variables) the trace in the two-dimensional space where the components of
the fields ψa and ψ
a
live.
If one adopts the same regularization prescription for the divergent diagrams which are
associated with the ghost propagating fields and with the vector propagating fields, the
contribution (65) of the ghosts cancels with part of the gauge vectors contribution (74), and
the renormalized effective action Γ = Γg + Γb in background gauge takes the form
Γ[A] = i
2
Tr ln
[
I− ig∆(A) εµνργµF˜ νρ
]
. (75)
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Expression (75) is perturbatively well defined; each nontrivial term of its Taylor expansion in
powers of Aaµ(x) is a finite functional of the background field (it does not contain ultraviolet
divergences). Γ[A] is a manifestly gauge-invariant functional of the classical configuration
Aaµ(x), as it should be in the background gauge formalism. Finally, expression (75) shows that
Γ[A] vanishes when the curvature components —that are associated with the configuration
Aaµ(x)— are vanishing.
Acknowledgments. I wish to thank G. Cicogna, L.E. Picasso and R. Stora for useful
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